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We consider a system consisting of N two-level atoms inside anM -mode degenerate, driven cavity.
We discuss the formation of dark states in this system and derive the conditions required for the
observation of the dark-state anti-resonance in the cavity emission.
Dark states are superposition states which, in quantum
optics at least, decouple from the relevant light field(s)
due to the interference between transitions originating
from the different elements of the superposition. They lie
of the heart of many quantum-optical phenomena such as
coherent population trapping [1–4], electromagnetically
induced transparency [5], amplification without inversion
[6], lasing without inversion [7] and STIRAP [8]. They
are also of interest further-a-field in areas such as quan-
tum transport [9–15] or quantum information processing
[16–22].
The prototypical system in which dark states occur is
a three-level system in the Λ-configuration where each
of the ground-to-excited-state transitions is driven co-
herently by monochromatic classical fields. In contrast,
the Jaynes-Cummings model (JCM) [23] consists of a
two-level system interacting with a single quantised field
mode. Nevertheless, dark states can also occur in the
JCM provided that an additional external coherent driv-
ing is present. Cirac [24], building on the work of [25]
and in the context of ion traps, showed that classically
driving the atom could drive the JCM into a state with
the atom in its ground state and field in a squeezed state.
Atomic fluorescence is thus suppressed and, in this sense,
the system becomes dark. This effect was later dubbed
“cavity-induced transparency” in Ref. [26] and under-
stood in terms of interference between the cavity field and
atomic polarisation. The effect of these dark states aris-
ing from atomic driving in narrowing line shapes was dis-
cussed in Ref. [27] for a system of N ≥ 1 atoms. Instead
of driving the atom(s), the cavity mode can be directly
driven by the external laser. This can drive the system
into a state which is approximately dark in the single-
atom case [28] and which approaches complete darkness
in the limit that the number of atoms N becomes large
[29].
In this work, we consider a system consisting of N two-
level atoms inside an degenerate M -mode coherently-
driven cavity, as was recently realised in the experiment
of Ref. [30]. We discuss the formation of dark states
in this system. These states are superpositions of the
atomic ground-state with a collective atomic state where
a single excitation delocalised across all the atoms. We
describe the conditions required for the observation of
dark-state anti-resonance in the emission from the multi-
mode cavity.
ATOM-CAVITY SYSTEM
We consider an N -atom JCM (or Tavis-Cummings
model [31]) extended to include M cavity modes and
an additional coherent monochromatic driving term [30].
The Hamiltonian reads
H = HS +HD, (1)
where HS describes the system and HD, the driving. In
a frame rotating with the driving frequency, HS reads
(~ = 1 throughout)
HS = −∆C
M∑
k=1
a†kak −
1
2
∆A
N∑
l=1
σzl
+
1
2
M∑
k=1
N∑
l=1
{
gkla
†
kσ
−
l + g
∗
klakσ
+
l
}
, (2)
where ∆C and ∆A are the detunings of the cavity and
atomic transitions respectively (assumed homogeneous),
and gkl is the coupling constant for the interaction be-
tween the kth mode and the lth atom. In the rotating
frame, the driving of the cavity is described by the Hamil-
tonian
HD =
M∑
k=1
ηk(a
†
k + ak), (3)
with ηk the coupling strength of the laser into mode k.
To include the effects of cavity losses and spontaneous
emission we study the Liouville-von-Neumann equation
for the atom-cavity density matrix ρ, which reads
d
dt
ρ = −i [H, ρ] + Lloss[ρ] + Lspon[ρ], (4)
with
Lloss[ρ] = κ
2
M∑
m=1
{
2amρa
†
m − a†mamρ− ρa†mam
}
, (5)
describing cavity loss at rate κ, and
Lspon[ρ] = γ
2
N∑
n=1
{
2σ−n ρσ
+
n − σ+n σ−n ρ− ρσ+n σ−n
}
, (6)
2describing spontaneous emission from the atoms at rate
γ. We have assumed homogeneous rates here for simplic-
ity.
WEAK EXCITATION MODEL
We consider that the effect of the driving term HD
is weak enough that it introduces at most one excita-
tion (atomic flip or cavity photon) into the system at
any given time. This assumption allows us to restrict
ourselves to the following set of relevant states:
|0〉 : cavity vacuum and all atoms in ground state
|Ck〉 : single-photon excitation in cavity mode k
|Al〉 : excitation of atom l
In this restricted basis, our Hamiltonian (minus an offset)
read
H = −∆C
M∑
k=1
|Ck〉〈Ck| −∆A
N∑
l=1
|Al〉〈Al|
+
1
2
M∑
k=1
N∑
l=1
(gkl|Ck〉〈Al|+ g∗kl|Al〉〈Ck|)
+
M∑
k=1
ηk (|Ck〉〈0|+ |0〉〈Ck|) . (7)
The M × N coupling-constant matrix G with elements
(G)kl = gkl has the singular value decomposition G =
UΛW †, with U an M ×M unitary matrix, W an N ×N
unitary matrix, and Λ an M × N rectangular diagonal
matrix. The non-zero diagonal elements of Λ are the
singular values ofG, λj , which are real, positive and equal
to the non-zero eigenvalues of the matrix Γ ≡
√
GG†.
The number of singular values is equal to the rank, RΓ, of
this matrix. We shall assume thatM ≤ N , such that the
coupling matrix G can have at most M singular values:
RΓ ≤M .
We then define the collective cavity and atomic states:
|C˜j〉 =
M∑
k=1
Ukj |Ck〉 (cavity) (8)
|A˜j〉 =
N∑
l=1
Wlj |Al〉 (atomic) (9)
to rewrite the Hamiltonian as
H = h0 +
RΓ∑
j=1
hj +HD, (10)
with an uncoupled component arising from a rank-
deficient Γ-matrix,
h0 =
M∑
j=RΓ+1
−∆C |C˜j〉〈C˜j | −∆A|A˜j〉〈A˜j |, (11)
and the RΓ components describing the coupling between
the jth collective atom and cavity modes,
hj = −∆C |C˜j〉〈C˜j | −∆A|A˜j〉〈A˜j |
+
1
2
λj
(
|C˜j〉〈A˜j |+ |A˜j〉〈C˜j |
)
. (12)
The driving term in this collective basis reads
HD =
M∑
j=1
(
η˜j |C˜j〉〈0|+ η˜∗j |0〉〈C˜j |
)
, (13)
with the new amplitudes η˜j =
∑M
k=1 U
∗
jkηk. Thus, since
the singular value decomposition mixes all cavity modes
for a generic coupling matrix, pumping just one of the
original modes pumps all the collective modes.
Finally, in this basis the dissipative parts of the
Liouville-von-Neumann equation are of the standard
form (as in Eq. (5) and Eq. (6)) with jump operators
|0〉〈C˜k| for the cavity excitations (at rate κ) and with
|0〉〈A˜l| for the atoms (at rate γ).
DARK STATES
Single cavity mode
We first consider the case of a single cavity mode, as
this illustrates many of the important features of interest
here. In this case, there is a single λ value, which, as-
suming that all the atoms couple approximately equally
to the mode, is given by λ ∼ g√N , where g is the cou-
pling strength of a single atom. We assume the driv-
ing strength η (we drop the subscripts for this single
mode case) to be real. For simplicity, we shall also set
∆A = ∆C = ∆ throughout (atom-cavity resonance).
We will concentrate on the stationary cavity popula-
tion 〈a†a〉 = Tr {|C〉〈C|ρstat}, with ρstat the stationary
density matrix, as the cavity emission is proportional to
this quantity. In Fig. 1 we show the cavity population
for two example sets of parameters. With a large num-
ber of atoms, we can arrange that λ ≫ γ, κ, |η˜|. In this
case, the emission is essentially a sum of two Lorentzians
centred at ∆A = ±λ/2:
〈a†a〉 ≈
∑
±
4η2
16(∆± λ/2)2 + 16η2 + (γ + κ)2 . (14)
This approximation is also shown in Fig. 1 and when the
two peaks are well separated (λ/κ = 5 in the figure), it
works very well. As the splitting decreases we would ex-
pect these two peaks to merge at around λ ∼ κ such that
a finite population at ∆ = 0 develops. This does not hap-
pen, however, but rather a sharp anti-resonance emerges
and the population at zero-detuning remains completely
suppressed. This anti-resonance is characteristic of the
formation of a dark state.
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FIG. 1. Stationary cavity population as a function of detun-
ing ∆ for two values of the level splitting in the single-mode
case (M = 1). The spontaneous emission rate γ was zero here
and energies are measured in units of the cavity loss rate κ.
The black-continuous and blue-dashed lines plot the popula-
tion calculated within the weak-excitation limit. The small
symbols show the results from the approximation of Eq. (14).
For λ/κ = 5, the population is well described by two indepen-
dent Lorentzians. However, for λ/κ = 1 this approximation
breaks down around the origin (∆ = 0) and a sharp anti-
resonance develops. This anti-resonance is the consequence
of dark-state formation. The driving strength was η/κ = 0.1.
With zero detuning, ∆ = 0, and spontaneous emission
rate, γ = 0, it is simple to verify that that state
|ΨD〉 = N−1
{
|0〉 − 2η
λ
|A˜1〉
}
, (15)
with norm N 2 = 1 + 4 η˜2
λ2
, is an exact eigenstate of the
Hamiltonian, Eq. (10), with eigenvalue zero. Since this
state has a completely empty cavity, emission will be ex-
actly zero and the state |ΨD〉 is therefore “dark”. This
darkness arises from destructive interference between the
paths |0〉 → |Ck〉 and |Ak〉 → |Ck〉. As can seen by solu-
tion of the master equation, cavity losses drive the system
into this state, such that it represents the stationary state
of the system.
At finite detuning (but still with γ = 0), the stationary
population of the cavity is
〈a†a〉γ=0 = 16∆
2η2
16∆4 + 4∆2(8η2 + κ2 − 2λ2) + (4η2 + λ2)2 ,
(16)
which vanishes for ∆→ 0. From this result, we determine
that for the the anti-resonance to be distinguishable from
the regular mode-splitting requires that
λ2 . κ2 + 16η2. (17)
When this is fulfilled, the width of the anti-resonance can
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FIG. 2. Stationary cavity population as a function of detun-
ing in the M = 1 case. Results for three values of the spon-
taneous emission rate γ are shown. As γ increases, the dark
anti-resonance disappears. Here λ/κ = 1/2 and η/κ = 0.1.
be approximated as
wdark ∼ 4η
2 + λ2√
2 (16η2 + κ2)
. (18)
The presence of spontaneous emission destroys the
dark state, as can be observed from Fig. 2. The extent of
this effect can be assessed by considering the population
at ∆ = 0 as a function of γ:
〈a†a〉∆=0 =
{
4η2γ
[
4η2 + γ(γ + κ)
]}× (19){
γ(8η2 + κ2)
[
4η2 + γ(γ + κ)
]
+2κλ2
[
2η2 + γ(γ + κ)
]
+ (γ + κ)λ4
}−1
.
From this, it is apparent that a significant suppression
of the population at ∆ = 0 only occurs if the splitting
obeys
λ2 ≫ 2γ
κ
(
8η2 + κ2
)
. (20)
This suppression may be due to either the dark state for-
mation or simply because of the peaks being far apart.
The latter possibility is excluded, however, by the condi-
tion Eq. (17). Taking these two conditions together, and
making use of the fact that the weak-assumption limit
implies η ≪ κ, the condition for the observability of the
dark anti-resonance reads:√
2γκ≪ λ . κ. (21)
From this it is clear that, independent of λ, the dark anti-
resonance can only occur when 2γ/κ≪ 1, i.e. when the
spontaneous emission rate is significantly smaller than
the cavity losses. In the experiment of Ref. [30], this
figure was 2γ/κ ≈ 6.5, so the dark-state anti-resonance
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FIG. 3. As Fig. 2 but here with two cavity mode, M = 2.
Plotted is the total cavity population, i.e. the sum from both
modes.
would not be observable without opening the cavity
somewhat. Assuming twenty-fold increase in κ, then with
g/κ = 0.12/(20× 0.8) = 0.0075, the number of atoms re-
quired to achieve λ ∼ κ is of the order 104, which is
within the experimental range.
Multi-mode case
The existence of a dark state persists for arbitrary
number of cavity modes M . In the limit ∆A → 0 (the
value of ∆C is unimportant), the state
|ΨD〉 = N−1
{
|0〉 −
∑
k
2η˜k
λk
|A˜k〉
}
, (22)
with the norm N 2 = 1 + 4∑k |η˜k|2λ2
k
is once again both
the zero-eigenvalue eigenstate of Hamiltonian, Eq. (10),
and the stationary state of the master equation. Fig. 3
shows the total cavity population
M∑
m=1
〈a†mam〉 =
M∑
m=1
〈|Cm〉〈Cm|〉 =
M∑
m=1
〈|C˜m〉〈C˜m|〉.
for a particular two-mode example. For small γ/κ, the
four peaks at ∆ = ±λk are clearly visible, as is the anti-
resonance at the origin originating from the dark state.
As γ/κ increases, both the individual peaks and the anti-
resonance wash out.
It is useful to consider two special cases. In the com-
pletely symmetric case where λi = λ, ηi = η
∗
i = η, the
M -mode total cavity population with γ = 0 can be ob-
tained from the single-mode result, Eq. (16), by simply
scaling the driving strength η2 →Mη2. Thus moving to
M -degenerate modes in this case does not significantly
alter the form of the dark resonance or the criteria for its
observation. In the experiments of Ref. [30] the splittings
λi were pseudo-degenerate, and so this is of relevance
there.
The other interesting case is when the coupling matrix
G is such that there are a number of large splittings λk ≫
κ and a number of small ones λk . κ. An extreme version
of this situation is when the atoms were localised in the
cavity over distance that is small relative to any variation
in the cavity field. In this case, just one of the modes
has a significant splitting with λ1 ∼ g
√
MN , whereas
the remaining splittings are small. The well-split mode
is unaffected by the dark-state. In the ideal case, the
small splittings should set λk ∼ κ, such that they are all
affected by the dark resonance. The profile seen in Fig. 3
is a two-mode example of this type of profile, where both
enhanced splittings due to collective effects and dark-
anti-resonances are visible.
BEYOND WEAK EXCITATION
Milburn and Alsing [29] have considered the isolated
system with M = 1 and arbitrary N with a symmet-
ric coupling g, not restricted to small values. For ar-
bitrary values of g below threshold, 4η/Ng < 1 (see
Ref. [29]), they showed that the ground state could be
written as a product of a squeezed vacuum for the field
and squeezed spin state for the atomic ensemble. The
mean population of the cavity mode in this state was
〈a†a〉 = − 1
4
log
{
1−
(
4η
Ng
)2}
. Therefore, away from the
weak-driving limit, the system is not completely dark.
However, provided that the driving is weak enough that
4η/Ng ≪ 1, the cavity population in the stationary state
of the system will be
〈a†a〉 ≈
(
2η
Ng
)2
. (23)
This can be made as small as required, either by making
the driving weaker or by increasingN . As both these fac-
tors can be controlled, the finite emission coming from de-
viation from the weak-excitation limit can be made small
with respect to the other source of imperfect darkness,
spontaneous emission.
CONCLUSIONS
We have considered the occurrence of dark states in an
N -atom M -mode Jaynes-Cummings system in the weak
driving limit. If each of the effective mode-splittings sat-
isfy λk ≫
√
2γκ then emission at zero detuning, ∆A = 0,
will be suppressed. However, only if at least one mode-
splitting is of the order of the cavity-broadening λk ∼ κ
will a pronounced anti-resonance, characteristic of dark
states be observable.
5It is perhaps interesting to note that when, as here, the
cavity field is driven, it is the emission from the cavity
that is suppressed. However, if the atom(s) are driven
instead, it is their fluorescence that is suppressed [24, 26,
27].
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